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Abstract. We introduce the notion of “centre” for pomonoid-graded
strong monads which generalizes some previous work that describes the
centre of (not graded) strong monads. We show that, whenever the centre
exists, this determines a pomonoid-graded commutative submonad of the
original one. We also discuss how this relates to duoidally-graded strong
monads.
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1 Introduction and Related Work

The notions of centre/centrality and similarly commutant/centraliser can be for-
mulated for many different kinds of algebraic structures, e.g. monoids, groups,
semirings. It also makes sense in certain kinds of categorical settings. For in-
stance, premonoidal categories admit a centre [9], which is essential for the de-
velopment of the theory. Another example is given by enriched algebraic theories
and associated monads which were shown to admit centralisers in [7]. In other
related work [4], the authors study commutativity in a duoidal setting which
is related to the above mentioned notions of centre and centralisers. More re-
cently, in [2], the authors established some additional results for the centre of
a strong monad on a symmetric monoidal category and also studied the more
general concept of central submonad. Inspired by these developments, in this
paper we consider yet another notion of centre, this time for strong monads that
are graded by a (partially ordered) monoid, which can be seen as an immediate
generalization of the definition of centre proposed in [2].

Constructing the centre of a monad is a way to recover the commutativity of
it by removing the effects that violate it. In practice, commutativity of a monad
is an important property which means that the effect can occur deterministi-
cally inside operations without forcing the evaluation order (most compilers are
allowed to evaluate operands in the order of their choice for optimization pur-
poses). A Graded monad, however, can be seen as a form of statistical analysis
that gives insight on the effects that can occur. We think that studying the
interaction between these structures is important.

Before we present the technical results, we provide some computational in-
tuition for the centre of a strong monad that may be useful to some readers.
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Strong monads on a symmetric monoidal category can be used to represent se-
quencing of computational effects. Informally, suppose we are given an effectful
computation f: X; — X5 acting on some variable z1: X; and another effectful
computation g: Y1 — Y5 acting on a different variable y;: Y7. Since these two
computations are effectful, the two ways of sequencing the computations

do x3 + f(x1);y2 < g(y1); h(z2,92)

and
do y2 < g(y1); w2 + f(x1); h(w2, y2)

do not necessarily have the same computational result, even though the two
computations are acting on different variables that have different types. When
we interpret the above computational situation in the Kleisli category Cr of
a strong monad 7: C — C, this potential difference is reflected by the fact
that Cr has a premonoidal structure [9], rather than a monoidal one, and the
premonoidal product is not bifunctorial (in general), unlike the monoidal one.
When the effect under consideration is commutative and so the monad T is
also commutative (not just strong), then the two ways of sequencing above have
the same computational result and this is reflected in the Kleisli category Cr
which has a monoidal structure (not just premonoidal) in this case. So, we may
naturally arrive at the notion of centre of a strong monad by identifying all the
central elements/effects, i.e. those that commute with all other elements/effects.
This is the approach taken in [2] and in this paper we consider a more general
setting.

More specifically, we consider a wider range of effects, namely those that
can be described by pomonoid-graded strong monads, and then we propose a
definition for the centre of such monads. The construction is analogous, but more
general, compared to the one in [2]. In the last section, we investigate possible
research perspectives which exploit our understanding of the preliminary study
performed here. In particular, we acknowledge the fact that the centre of graded
monads is seldom usable in practice as it is even more constrained than that
of a monad. Finally, we open the discussion to relaxations in which we may
eventually obtain more refined notions of centres.

2 Graded Monads

There are different ways of introducing graded monads in the literature [3/IIg].
They all share the same structure: using a monoid to index functors which,
together, behave like a monad whose multiplication is graded by that of the
monoid. It is then possible to extend the monoid with additional structures such
as that of a semiring to represent additive monads, for example. We present the
most common of these extensions, that of gradations by pomonoids (partially
ordered monoids), whose order represents a degree of knowledge and which is
essential for most applications that use statistical analysis [6].
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2.1 Graded Monads

Before we present the full definition of a pomonoid-graded monad, we start with
a monoid-graded monad so that readers can hopefully acquire a better intuition
for the more general notion that follows afterwards.

Definition 1 (Monoid Graded Monads). Let G = (G, 4, *) be a monoid. A
G-graded monad on a category C is given by the following data:

a
— for any a € G, an endofunctor T': C — C;

1
— a natural transformation n: 1d — T';

a b axb

— for any a,b € G, a natural transformation p>* : T -T — T , where (— - —)
indicates functor composition (we sometimes omit the gradations on p for
brevity);

such that the following diagrams commute:

n-T T.
a ioa a e
Id-T T-T T-d — ' T-T
JHLH J H”’i
a Qka a axi
T T T T
a b a b p’-T axb
T-(T-T) (T-17)- T~ 7.1
g axb,c
T- b e
a bk ax(bxc) (axb)*
T-T r T

Lu’b*'

F

Remark 1. Every monad T: C — C can be seen as a G-graded monad by setting
G to be a singleton (i.e. trivial) monoid.

Next, we introduce pomonoids and the appropriate notion of morphism be-
tween them. This would then allow us to introduce a more flexible notion of
gradation for our monads.

Definition 2 (Pomonoid [5]). A partially ordered monoid (pomonoid) is a
tuple ((G, <), 1, %), where (G, 1, %) is a monoid and where < is a partial order on
G, such that the monoid operation is monotone with respect to the order in the
following sense: for all w,x,y,z € G, ifw <x and y < z, then w*xy < x * 2.

Definition 3 (Morphism between Pomonids). Let G = ((G, <),4,*) and
H=(HC),e, ®) be two pomonoids. A morphism between pomonoids is a func-
tion ¢ : G — H, such that:



4 F. Breuvart et al.

— e C (i)
— o(x)® p(y) C gz *y) for all z,y € G.

Remark 2. A pomonoid ((G, <), i, *) can also be seen as a monoidal category C

that is both skeletal and thin in the following way:

objects of C are given by the elements a € G;

— C has a unique morphism a — b iff a < b in G;

— the tensor product is given by a ® b def 4« b;
— the tensor unit is given by 1.

This correspondence may also be extended to cover morphisms between pomonoids:
if ¢: G — H is a morphism of pomonoids, then ¢ may be identified with a lax
monoidal functor between the (thin and skeletal) monoidal categories that rep-

resent G and H.

Definition 4 (Pomonoid Graded Monad). 4 pomonoid-graded monad on

a category C is given by the following data:

— a pomonoid G = ((G, <), i,*), whose elements a € G we call gradations,

a
— for any a € G, an endofunctor T : C — C;

3
— a natural transformation n: 1d — T';

— for any a,b € G, a natural transformation p®

— such that the following diagrams commute:

a
n-T

a b axb

beT-T— T

T T T
a b« a b Ma’b T axb
AT -T) (r- 7T ———— T
a ) Mbu /La*b
a  bx ax(bxc) (axb)*
T T T T
Mu,,h*«
a<a’

— for any a < d' in G, a natural transformation T

a<la

T = (identity natural transformation)

a (L/
T — T, such that:

a/Sa// < 1"
T o T = T and

)
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M
a b axb
T-
a<a’ b axb<a’xb’
T .
a b a’xb’
H””b/

Remark 3. T can be seen as a bifunctor G x C — C, with the last conditions
being the functoriality and the naturality of p with respect to G. In fact, we can
go even further: graded monads over G on a category C are exactly lax-monoidal
functors (7', i, n) from (G, *, 1), seen as a thin monoidal category, to ([C, C], -,id).

FEzxample 1. Let T be a strong monad and Z its centre, then we can always

t £
construct a monad graded by ((Bool, &t < f),%,A) defined by T'=Z and T =T

that keeps track whether we are in the centre or not. Notice that the morphism
©<E
T :Z — T is the submonad monomorphism (inclusion). Such gradations can

be used to infer whether an operation ® : A x B — C can be lifted into an
effectful environment @ : TA x TB — TC and still be evaluated freely by the

" a b a/Ab
compiler. Indeed, the graded version is of the form © : TA x TB — T C, the
evaluation order have to be forced if a = b = £ but is commutative otherwise.

The notion of centre (and centrality) can be formulated for strong monads, as
was previously argued in [2]. The corresponding definition for pomonoid-graded
monads is presented next.

Definition 5 (Strong Pomonoid Graded Monad). Let G = ((G, <), 1, *) be
a pomonoid. A strong G-graded monad over a monoidal category (C,®, 1, a, A, p)
is a G-graded monad (T,n, 1) equipped with a family of natural transformations

;X’y : X®TY - T(XQ®Y), indexed by elements a € G, called graded strength,
such that for any element b € G and objects X,Y in C, the following diagrams
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commute:
a 1,X a X® Yy
IQTX — T(I®X) X®Y X®TY
a XY
A\ Thx NxX®y
TX
TX T(X®Y)
a TWRX,Y a
WeX)oTY T(WeX)®Y)
Y x Ay Taw,xy

TX,Y
where (for simplicity) we omitted the superscripts of T.

If, moreover, we are given a symmetric monoidal category (C,®,I,7), then

we can define the G-graded costrength 7'x vy : TX QY - T(X®Y) by 7'xy def

T(yyx) o ’(iﬂy’ X0 o where 7 represents the symmetry. Note that this is

completely analogous to how the costrength is defined without for monads that
are not graded. We also often omit the gradations on 7 for convenience and note
that it satisfies similar coherence conditions to that of the strength 7.

We can now introduce commutative graded monads whose definition is also
analogous to the definition of a commutative monad that is not graded.

Definition 6 (Commutative Graded Monad). Let G = ((G,<),4,*) be a
commutative pomonoid. Let (T,n, u,7) be a strong G-graded monad on a sym-
metric monoidal category (C,®,1,7). Then, T is said to be commutative if for
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any a,b € G, and any objects X, Y € C, the following diagram commutes:

b
a b TTX)Y b a TTS( Y ba
TXeTy — " T(TX®Y) " ITT(X®Y)

b,a

Hxgy

bxa

X, TY T(X®Y)

a b ab axb
T(XeTy) —— IT(XeY) — ——  T(X&Y)

Ttxy Exoy

Remark 4. Note that in the above definition, the pomonoid is assumed to be
commutative, so that a*b = bxa which justifies the equality in the bottom right
corner.

2.2 Morphisms between Strong Graded Monads

One of the issues that we have to address is how to formulate an appropriate
definition of the morphisms between strong graded monads. This is important
for our development as it underpins subsequent constructions that are relevant
for the construction of the centre.

In order to visualize the definition of morphism between a strong G-graded
monad 7" and a H-graded monad P over a category C, remember that they can
be seen as lax monoidal functors T : G — [C, C]s and P : H — [C, C]; targeting
the same monoidal category, that of endofunctors [C, C]s over C. Therefore, the
morphisms between them can be identified with the morphisms of the lax-slice
category over [C, C|, in MonCat.

(¢1I—‘¢»V¢) ‘ZL ([C7C]57'31)

Definition 7 (Morphism between Strong Graded Monads). Let G =
(G,<),i,%) and H = ((H,C),e,®) be two pomonoids. Let (T,n",uT,7T) be
a G-graded strong monad and let (P,n",u’,7F) be an H-graded strong monad
over a symmetric monoidal category C = (C,®,1,v). A morphism of strong
graded monads is given by the following data:

(G #,1)

(H,®,e)

— a pomonoid-morphism ¢: G — H between the gradations;
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a da
— a family of natural transformations ¢ : T = P indexed by elements of
— such that for all a,b in G and X,Y in C, the following diagrams commute:

x e a X Rty ba
X — px XoTy — X®PY
7/)T( J JGE;;U) ng,YJ JTQY
. . a da
i bi N
TX ;’ PX T(X®Y) LX®Y P(X®Y)
“ I
ab ¢ab LX  pagh da@pb
TTX —  PTX ~  PPX P
uk J J (;Su,@(;b()}%q%u,*b)
axb P(axb)
TX P X

Lx

. . . e @i da®ob ¢(axb)
The subtlety here is to explain the relations between P, P, P and P

This comes from the fact that the inequalities between the gradations induce
natural transformations between the indexed endofunctors.

Remark 5. If we equip the pomonoids G and H with the discrete order, then
the inequalities under consideration become the usual equalities for a monoid
homomorphism, i.e. ¢(i) = e and ¢(a * b) = ¢da ® ¢b. Then we can obviously

i e ¢p(axb) Ppa®pb
identify PX = PX and P X = P X, so that we recover a notion of

morphism of strong monoid-graded monads as a special case.

3 The Centre of a Strong Graded Monad

We can now outline our construction for the centre of a strong graded monad.
Our construction is similar to the construction of the centre of a strong (not
graded) monad in [2], but some of our proofs are established in a slightly dif-
ferent way. For example, some of the required proofs in [2] use results from
the theory of premonoidal categories [9]. However, in our setting, this is not so
straightforward, because in order to adapt the proofs, we would have to identify
a suitable “premonoidal” theory for strong graded monads. Instead of doing this,
we opt for a more direct approach that boils down to fairly large diagrammatic
chasing in a few cases (see Appendix@. In particular, this gives us (as a special
case) another proof for some of the established results in [2].

A basic intuition that we have for the centre of any algebraic structure is
that it enjoys commutativity properties. The definition of a commutative graded
monad (Definition @ suggests that we should also take the centre of the grada-
tions into account as well. This brings us to our next definition.

2 We often omit the superscript of ¢ for convenience.
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Definition 8 (Centre of a Pomonoid). Given a pomonoid G = ((G, <), 1, %),
the centre of the pomonoid, written Z(Q), is given by the set

2@ Y eq weq, sxb=0bxz).

It is easy to see that Z(G) Lef ((Z(G),<),1,*) is a subpomonoid of G in the
sense that the subset inclusion ¢: Z(G) C G is a pomonoid-morphism.

Remark 6. The centre of a pomonoid, as given above, does not take the order
into consideration. It will be interesting to identify a more general and flexible
notion of centre that depends on the order and use that in future work.

Next we explain how to construct the centre of strong graded monads on
Set, which we hope would help readers in understanding the more general con-
struction that follows afterwards.

Definition 9 (Graded Centre in Set). Let Z(G) = ((Z(G),<),i,%) be a
pomonoid which is the centre of the pomonoid G = ((G, <),14,%). Assume further
that we are given a strong G-graded monad (T,n, u, T) on Set.

Given an arbitrary =z € Z(G) and set X, we say that the Z(G)-graded centre
of T at (z,X), written ZX, is the set

def

b
Sy ) cqy | VD EGVY €OD(Set), Vs € TY,

z b
w(Tr'(7(t, ) = u(T'r(r'(t,)))
We write ZX : ZZ,’X C %X for the indicated subset inclusion.

The main idea for this definition is to consider all of the monadic elements
that satisfy the equation in Definition |§|, for suitably fixed X and z € Z(G).

Notation 7 For the rest of this section, we assume that C is a symmetric
monoidal category; V.W, XY are objects in C; we are given a pomonoid G =
(G, <), 1, %) with centre Z(G) = ((Z(Q), <), 1, *); we also have a G-graded strong
monad T'; we write z € Z(G) for central gradations and more generally we write
b,c € G for gradations of G.

To extend the definition of the centre from Set to other categories, we intro-
duce graded central cones.

Definition 10 (Graded Central Cone). Let X be an object of C and z €
Z(@G). A graded central cone of a G-graded strong monad T at (z,X), is given

by a pair (Z,1) of an object Z and a morphism v: Z — TX, such that for any
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object Y in C and any b € G, the following diagram commutes:

b
L @TY 2 b T’

b z z b
ZoTY TXeTY — " T(X®TY)
b %T

L RTY
z b
, l TT(X ®Y)
TX®TY
z,b
Hxgy
T zxb
T(X®Y)

b bz bxz

T(TXeY) " TT(X®Y) . T(X®Y)

b,z

T Hxoy

If (Z',/) and (Z,1) are two graded central cones of T at (z,X), a morphism
of graded central cones ¢ : (Z',") = (Z,1) is a morphism ¢ : Z' — Z, such that
tow =1 Graded central cones of T at (z,X) form a category and a terminal
graded central cone of T' at (z,X) is a terminal object in that category.

Proposition 1. If a terminal graded central cone for a G-graded strong monad
T at (z,X) exists, then it is unique up to a unique isomorphism of graded central
cones. Also, if (Z, 1) is a terminal graded central cone, then v is a monomorphism.

Proof. Straightforward, essentially the same as in [2].

In particular, Definition [9] gives a terminal graded central cone for the special
case of graded monads over Set.

Definition 11 (Centralisable Graded Monad). We say that the G-graded
monad T over C is centralisable if, for any object X in C, for any element z
in Z2(G), a terminal graded central cone of T at (z,X) exists. In this situation,

we write (2X,1x) for the terminal graded central cone of T at (z, X).

For a centralisable G-graded monad 7', the next theorem shows that its ter-
minal graded central cones induce a commutative Z(G)-graded submonad Z of
T, which we call the centre of T.

Theorem 1 (Centre). If the G-graded monad T is centralisable, then the as-
signment Z(—) extends to a commutative Z(G)-graded monad (Z,m%, u%,7%) on
C, called the centre of T'. Moreover, Z is a commutative Z(G)-graded submonad

P z z
of T and the family of morphisms 1x : ZX — T X, determine a monomorphism
of strong graded monads Z — T in the sense of Definition [
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4 Examples of Centres of Strong Graded Monads

In this section we provide more examples of strong graded monads that admit
centres. We begin with a concrete example in Set and we discuss the role of the
gradations.

Ezample 2. The multi-error graded writer monad is a writer monad which stops
the computation whenever it encounters an error. For the gradation, consider a
monoid G = ({t, e, wy...w, },t, x) of three kinds of possible outcomes: ¢ indicates
the result is not an error nor warning, w; are arbitrary elements in the set of
warnings, and e is an error. The neutral element is ¢.

The monoid composition is defined as follows:
x|t ew, wy

t|t ew, wy
eleee e

Wq|Wq € Wq W

Wy | Wy € Wg W

The rules w, * wp = wp and wy * w, = w, indicate that we only keep track of
the first warning encountered. Thus the centre of G is Z(G) = ({t, e}, ¢, %).

Now we can define the multi-error writer monad as the writer monad T
graded by G, corresponding to the different annotations of outcomes:

X, Tx S x, X x xfa) TXYX x5},

t
The unit is given by n(z) = € T and the multiplication by

o def .\ def .\ def , def
:U'wi,wj((xaz)a]) = z, /J't,wi(xvz) = ,U,wi,t(.’b,Z) = (SU,’L), Mt,t(‘r) = Z.
Its centre is a commutative ({t,e},¢,*)-graded submonad. It consists of two
e t
endofunctors that are given by TX =1 and TX = X.

The category Set is not the only category for which we can systematically
construct centers of strong graded monads. Just like in [2], there are many such
categories. Next, we provide such an example.

Ezample 3. Let T be a strong G-graded monad on Top, the category of topolog-
ical spaces and continuous maps between them. The strength is considered with
respect to the Cartesian structure of Top. Then T is centralisable with terminal
central cones given by

vbe G,VY ¢ Ob(Top) Vs € TY
W(Tr (x(t,))) = w(T7( (¢, 5))

zx )i eTx

where, as usual, z € Z(G) and the topology on ZX is the subspace topology
inherited from the inclusion ZX - TX
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The next example should be no surprise.

Ezample 4. Every commutative graded monad is naturally isomorphic to its
centre.

It was shown in [2] that not every strong monad is centralisable. Since strong
graded monads are more general, then it should be clear that not every strong
graded monad has a centre. However, just like in [2], the notion of centre for
strong graded monads is ubiquitous and we do not know of any natural counter-
examples (i.e. counter-examples which were not constructed for this sole purpose
as in [2]).

5 Central Graded Submonads

We can introduce central graded submonads of a strong graded monad in analogy
to the construction in [2].

Theorem 2 (Centrality). Let Z(G) = (Z(G),1,*) be the centre of a pomonoid
G = (G,i,%). Let C be a symmetric monoidal category and T a strong G-graded
monad on it. Assume that T has a centre Z that is graded by Z(G). Let S
be a strong Z(G)-graded submonad of T with v : § — T the strong submonad
monomorphism. The following are equivalent:

1) For any element z in Z(G), any object X of C, we have that (g’X, ix) is a
graded central cone for T at (z,X);

2) S is a commutative graded submonad of the centre of T with submonad
morphism 1°: S — Z such that v: S — T factorises through 5.

Proof. (1= 2‘ Commutativity follows with the same arguments as in Diagram

(Appendix ) by replacing Z with S. Each Ix: g‘X — TX factorizes through
the terminal central cone ¢4 (by definition). These factorisations determine the
submonad morphism § — Z.

(2 = 1) : This follows by Lemma [2[in Appendix

Definition 12 (Central Graded Submonad). Given a strong graded sub-
monad S of T, we say that S is a central graded submonad of T if it satisfies
one of the two equivalent conditions from Theorem [

Every central graded submonad is commutative and Theorem [2| shows that
the centre (whenever it exists) can be seen as the largest central graded sub-
monad of T'.

6 Relaxations

It is unfortunate that the definition of centre, for graded monads, is not able to
make use of the order of the pomonoid. When we started this project, we were
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hopping for the inclusion Z(G,*) C G to use a multiplication (®) # (%) which
seems reasonable since the inclusion only requires that a ® b < a * b. Such a
result would mean that the constructed centre would be able not only to restrict
the graded monad to commutative elements, but also to preserve some non-
commutative ones by approximating their interaction with others. The centre,
however, is arguably a notion that is too universal and which we think prevents
us from constructing such a non-free operation (®).

In this section, we explore perspectives that may allow us to overcome this
issue and that make use of the order. Intuitively, one of the issues that we faced,
was the absence of structure in the pomonoid other than the multiplication and
the order. As a result of this, it is difficult, if not impossible, to canonically
construct the new approximated multiplication. Therefore, we believe that we
have to use more structure than that of a pomonoid. Towards this end, we can
see at least three natural extensions:

— A natural extension consists in assuming that the commutative (®) operation
is given in the pomonoid but not for the graded monad. We can then try to
pull it over the gradation using the central construction.

— We could consider the order to be much richer, in particular, we could require
the existence of a quantal, which is, intuitively, a pomonoid over a complete
lattice. Then we could try to construct limits over all possible commutations
of elements, generalizing the idea of shuffle. However, this is not possible to do
in an arbitrary quantal, not even in every quantal over free complete lattices
because this does not preserve the associativity of the new commutative
operation.

— The last direction is relaxing the notion of commutativity itself, hence re-
laxing the constraints over the centre.

6.1 Bimonoids

Definition 13 (A Bimonoid). A bimonoid is a pomonoid (G, <,i,*) with an
additional symmetric monoidal structure (j, ®) such that

axb<a®b (1)
We use § to refer to the above inequality.

Remark 8. The name bimonoid is used for many structures and the above defi-
nition is non-standard.

Property 1. Let G = (G, <,i,%,j,®) be a bimonoid. An ordered (G, <, 1, *)-

graded monad T on a monoidal category C is also an ordered (G, <, i, ®)-graded
axb<a®b
monad with the same structure except for the multiplication ,u?_b x = pu

Definition 14 (Bimonoidal Graded Centre in Set). Let T be a strong G-
graded monad on Set, so that G also has a bimonoidal operation (®).
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For an arbitrary a € G, we say that the G-graded centre of T relative to (®)
at (a, X), written ZgX, is the set

Wb € G,¥Y € Ob(Set), Vs T,
teTX axb<a®b a bxa<a®b b

T (WTr'(rts)) = T (WTr(7'(t )

Zox Y

a a
We write i x : ZeX CTX for the indicated subset inclusion.

The G-graded centre of T relative to (®) is then commutative on its (G, ®)
gradation but not on its (G,x*) gradation. Since the first gradation is an ap-
proximation of the second one, it is suitable for interpreting programs where
we sometimes know of the evaluation order (e.g. composition) and where we
sometimes do not (e.g. binary operators).

Ezxample 5. A simple way to construct an example is to consider a monad graded
by a pomonoid G with an absorbing top element T. In this case we can define
a®btobeaxbwhen a,b € Z(G) and a ® b = T otherwise. This way, the
restriction to the T grade is also a monad, and we work at the same time with
the centre of the graded monad when using gradations a € Z(G), the centre of

T
the T when we can’t compute the grade, and still have access to the previous
grades when not using u®.

This new notion of centre, which can be generalized to other categories,
offers a sightly richer structure since the gradation is not Z(G) but (G, ®). But
it requires knowledge of ® and many of the limitations of the centre still persist.

6.2 Quantal

The inspiration for our next idea is as follows: if we had access to sups in the
pomonoid, we could try to construct &®.

A quantal is a monoid in the category of complete lattices and sup-preserving
functions. Notice that the tensor product that we have to use on complete lattices
is the right adjoint of the arrow [A = B] of sup-preserving functions ordered
pointwise. However, this is not an object that is easy to use. Fortunately, on
complete lattices freely generated from a poset (the free functor is associating a
poset to the complete lattice of its initial segments), it corresponds to the usual
tensor on the underlying poset. We are thus focusing on the quantals obtained
as the free completions of pomonoids.

Under some reasonable conditions (e.g. G has all k-colimits, and f“ are K-
ary functors) a monad graded by a pomonoid G seems to be definable as a
monad graded by the quantal Z(G) by computing the left Kan extension of
T :G — [C, C] along the inclusion G — Z(G) in MonCatﬁ

4 The difficulty here is that doing this in MonCat is much trickier than doing it in Cat.
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Thus finding a commutative over-approximant ® of (x) in Z(G) will permit,
via the above construction, to obtain a commutative graded monad. The question
is how to obtain ®.

A natural candidate is a ® b (a x b) V (b * a), but, unfortunately, it is
generally not an associative operation. A more reasonable approach consists in
computing the shuffle operation, or rather a generalization of it. In this case most
examples generate an associative operation, but not all. A free construction is
yet to be discovered for a good over-approximation.

6.3 Duoids and Concurrent Monads

In order to go in this last direction, we first need to investigate how to relax
the notion of commutativity. Indeed, there is no way to change the monadic
composition along this new operation over grades, but we can “approximate” the
composition along this operation.

Commutativity, in its standard form, is difficult to relax naturally. However,
one can present commutativity of a monad through its monoidality.

Lemma 1. A monad T in a monoidal category (C, ®, e) is commutative iff there
exists a natural transformation mxy : TX @ TY - T(X ®Y) such that :

TTX @ TTY —" T(TX @ TY) — TT(X ® Y)

lu@m l“

TX®TY = T(X®Y)

and
(men)ym=n (Mmeid);m;Ta=alid® m);m

(m@id);m;TA=X (d@n);m;Tp=p
This definition can be relaxed by orienting the main diagram.

Definition 15 (Lax Commutative). A monad T in an order-enriched monoidal
category (C, ®, e) is said to be lax commutative iff there exists a natural trans-
formation mxy :TXQTY - T(X ®Y) such that :

TTX @ TTY 25 T(TX ®TY) 5 TT(X @ Y)

l#@)u [} Iz
TX QTY = T(X®Y)

and
men)ym=n (Meid);m;Ta=a(lid® m);m

(n@id);m;TA =X (id®@n);m;Tp=p
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Such a definition means that the monad is not commutative, but can be over-
approximated as such. In terms of proper programs, it means that the monad is
not commutative but it has been extended with a kind of non-determinism so
that one can approximate the operator effects by considering all their eventual
behaviors (left-right, right-left, but also interleaving or parallelism).

This concept is closely related with that of a concurrent monad, a recent
concept which is basically a lax-commutative monad with an additional relax-
ation on the unit. In this work, we do not dwell on concurrent monads, no more
than we indulge in bicategories, but we do use the algebraic object of which the
former is a categorification: the duoids.

Definition 16 (Duoid). A duoid is a pomonoid (G, <,i,*) with an additional
symmetric monoidal structure (j,]|) such that

(alle)*(b]ld) < (axd)| (cxd) (2)
We call 6 the first inequality.

One can see this as a poset (G, <) with two multiplicative operations (*) and (]|)
making it a pomonoid in two different ways. The first half is non-commutative
and represent the sequential composition, the second half is commutative and
represents the parallel composition. The parallel composition can be seen as
much less precise than the sequential composition. We can deduce from that
axb<allb,ie. (||)is approximating (*). Therefore, it can play the role of (®)
in the introduction.

Remark 9. The name duoid is used for many structures. Some non-equivalent
definitions may or may not use another unit ¢ < j for the operation (||), they
may or may not require symmetry/braiding of (||) and/or (x), they also can be
strict /weak/colax. It is important for us to use exactly the above definition.

Definition 17 (Duoidal Gradation). Let G : (G, <,i,%,7,||) be a duoid. A
duoidal G-graded monad on a monoidal category C is given by the following
data:

— an ordered (G, <,1,*)-graded monad T'

a b allb
— a transformation mgep xy : TX @TY — T (X ®Y) natural in a, b, X and
Y.

such that the following diagrams commute:

ab cd m alle b d Tm allc b|d
TTX®TTY — " T(TX@TY) T T(X®Y)

lu
n&p

(a*b)j\L(c*d) Yoy
b exd m (alle)bld) — (XeY)
TXe Ty —— T (X&Y) 4
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as well as the other monoidal diagrams:
(men)ym=n (Mmeid);m;Ta =alid® m);m
(m@id);m; TA=X  (id®@n);m;Tp=p

Ezample 6. Let X be an alphabet, then P(X*) is a duoid with the concatenation
and shuffle operations

L« L {ww |welwel} i={e

L|r def {wyw!..w,w), | wy..w, € L,w)..w, € L'} j=¢

This duoid is grading the corresponding writer monad:

%Xd_ef ’ ’ L 7y def /
={(@,L)|ze X, L'CL}) Tf(z,L) = (f(x),L)

LcrL’
T X is the inclusion of sets

77(33) = (SU,’L) M((x’L)7L/) = (va * Ll)
m((va)7 (xl7L/)) = ((xvxl)vL ” L/)

Importing the construction inspired from the centre in such a duoidal frame-
work may result in some more refined results. But it is still unclear (to us) how
the notion of central cone can be remodeled to fit the monoidality diagram and
the notion of lax commutativity.

Conclusion and Future Work

In this work, we showed how to construct the centre of graded monads and
how to formulate central graded submonads, where the gradation is given by
pomonoids and where the monads are defined over symmetric monoidal cate-
gories. We also introduce the lax commutativity on graded monads by choosing
duoids as gradations, to make use of different pomonoid structures.

As part of future work, it will be interesting to see if there are other ways
to take the order of a pomonoid into account when constructing the centre
and central cones. Furthermore, we have not provided any suitable universal
conditions (similar to the ones in [2]) that characterise the centre of a graded
monad, so this is another open problem.
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A Coherence Properties of costrength

Proposition 2 (Coherence Properties of costrength). For all elements
z,bin G, X,Y in C, the following diagrams commute:

/

a T a nx & Y i
TX®I — T(X®I) XQY —— rx v

a 7_/

P Tpx NXeY
TX
TX T(X®Y)
7_/
TW®(X®Y) TWe(X®Y))
YW xy Taw.xy

a,b ,b
ey Iy gy

axb axb

T(X®Y)

Proof. Only n and p part of this proposition is going to be used in the proofs
later, hence we only give proofs on those two parts, the rest could be proved
similarly.

The proof of 7 :

nx ®Y )
XoYy TX®Y
v (1) k/,y//////
Y® nx i
YX —— yorXx
7]Y® TY. X (4) 7—X Y
”
(5) T(Y ® X)
Ty
XeY T(X®Y)

Nxey
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(1) 7 is natural; (2) vx,v;7vy,x = id; (3) definition of 7; (4) definition of 7’; and
(5) n and ~ are natural.

T
ab T a b T ab
ITTX)®Y T(TX®Y) TT(X®Y)
a ab
! 1) Ty 2) TTy
ab T a b %7— ab
) Y®(TTX) TY®TX) T(Y ® X) l
ﬂ;& QY (3) - “;;@Y
Y @ uy’ (4) My 5)
axb axb
Yo TX e TY ®X)
Y
6 axb
(©) T vv,x
axb axb
TXRY T(X®Y)

a a a
(1) fact that Tyrxy = T'yilTX, and definition of 7/; (2) T is a functor and

a,b

definition of 7'; (3) ~ is natural; (4) definition of strength; (5) u’y oy and vy are
natural and (6) definition of 7’.

B Lemmas for proof of Theorem

Lemma 2. If (X, f: X — %Y) is a graded central cone of T at (z,Y). Then
forany g: Z — X in C, it follows that (Z, f o g) is a graded central cone of T
at (z,Y).

Proof. This is obtained by precomposing the definition of graded central cone
by g ®id. For all b € G and X in C,

’

: b g®7h‘X b f®7[)“X B b T . b
ZeTX — XeTX — " TYyeTXx Ty eTX)
f@:’fxl l:ﬂy,x
7Y @ TX T @ X)
- | mitx

zkb

T (Y ®X)

b z b z bz
T(IY®X) 7 T-T(YeX) ' TYsX)

),
Ty x Iy ex

commutes directly from the definition of graded central cone for f.
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Lemma 3. If (X, f: X — %Y) is a graded central cone of T at (z,Y). Then

forany g:Y — Z in C at z, it follows that (X, %go f) is a graded central cone
of T at Z at z.

Proof. The naturality of 7 and p allow us to push the application of g to the
last postcomposition, in order to use the central property of f. In more details,
for all b € G and X in C, the following diagram:

b
feTx P b

b .
XoTX TY®TX — " TZeTX
T’ (2) T’
b
o Teetx)
I TYRTX) — " T(Z®TX)
feTx (1)
Try x @) Trax
z b
2 b TT(g® X) .,
TT(Y ®X) " TT(Z®X)
z,b
b,z P‘Y@x
2 b T b oz T"' Y, X Hyex bxz
TY9TX —  TIY®X) — TT(Y®X) E— T(Y@X) Y® T
g ®X)
2 b b z bz
Tg®@TX (5) T(Tq®X)J (6) J TT(g® X) (7) 9®X
z b b
TZeTX — T(TZ®X)*>TT(Z®X)[~—> TZ®X Z<>¢X)

T7y x Hzex

commutes, because: (1) f is a graded central cone, (2) 7/ is natural, (3) 7 is
natural, (4) p is natural (5) 7 is natural, (6) 7/ is natural, (7) p is natural, (8)
T is a functor.

Lemma 4. If (Z,1) is a terminal (graded) central cone of T at X, then ¢ is a
monomorphism.

Proof. Let us consider f,g : Y — Z such that tof = tog; this family of morphism
is a graded central cone at X (Lemma [2), and since (Z, 1) is a terminal graded
central cone, it factors uniquely through ¢. Thus f = g and therefore ¢ is monic.

Lemma 5. For A:= WTX)®Y
Twex,y ©Twx ®Y 0 A=Tay vy oTwxey oW @7k y oawrxy o A

Proof. Left = T(W ® X) ® Y = Right.

C Proof of Theorem [1

Proof (Proof of Theorem|1).
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This proof has 3 parts.

First we prove that Z is a functor; then we give its graded monad structure
and prove it, by showing all of its morphisms exist and are unique, and also
natural; last we show that it’s a strong and commutative graded monad.

First part:

The first part is following same proof strategy as that of the Theorem in [2],
but on graded monads, which are lax monoidal functors between gradation and
endofunctor category of C.

Recall that Z maps every object X to its terminal central cone at (z, X).
z - z z
Let f : X — Y be a morphism. T foiy : ZX — TY is a central cone according

to Lemma Therefore, by proposition we can define Z f as the unique map
such that the following diagram commutes:

. Zf .
ZX 7 ZY

x| |

ZX T Zy
Zf

It follows directly that z maps the identity to the identity, and that 7 is nat-

z
ural. Z also preserves composition, which follows by the commutative diagram
below:

lw
L 2ZW T TW

J/ Zgl li"g
z ! LX z

Z(fog)  Ex—1Tx T(fog)

\\\\ éf l Ly l jzjf

ZY —/ TY

This proves that Z is a functor.
Second part.

Then we describe its graded monad structure and prove all its morphisms
exist and are unique.

This part we give different proof strategy from that of [2], which bypasses
the Kleisli constructure and independent of premonoidal center.
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Definition of the monadic unit n% (the inequality arrow with respect to Def-
inition |z| becomes equal because now it’s inclusion):

nx i
X -7 P ZX
nx J JLX
TX = TX

By Definition the universal property of terminal graded central cone indicates
that, for any graded central cone at (z, X), there exists a unique morphism of

graded central cones to z , hence we need to prove that all other arrows in this
definition form graded central cones.

What’s left is that nx forms a central cone, it is proved by the following
diagram:

,7 / /
b x ®TY i b T/ b
0 2 D 7 O .
XeTYy — TXeTYy — " TX®TY) ;’pTXY
1) '
b
nRTY
i b
TXQTY (6)
/
b
TX®TY
b 1
T(TX®Y
T /
b 1
T(TXQ®Y)

(1) n property of graded co-strength; (2) n and 7 are natural; (3),(4) definition
of graded monad; (5) T is a functor with 7 property of graded co-strength; (6)
T is natural and rest are equalities.
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Next, definition of multiplication p% (the inequality arrow with respect to
Definition [7] becomes equal because now it’s inclusion):

ab Hx axb
ZzZxX o ZX
‘ix X
ab ab axb axb
TZX TTX ’
TLX Hx

By Definition[I0] the universal property of terminal graded central cone indicates
that, for any graded central cone at (z, X), there exists a unique morphism of
z

graded central cones to Z, hence we need to prove that all other arrows in this
definition form graded central cones.

a
What’s left is that u% o Ty ot, forms a central cone, it is proved by the
ZX

following diagram:
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(ash)
T (X@TY)

ast)
T XoTY
by, OTY ) T, @TY ) px@TY LA /
ZzX Ty TZX 0 TY TTX ©TY Txery = T(XoTY)
o @) I 3) Heiry
o, T(x ©TY) o T ) (anb)
T(ZX & TY) T(IX & TY) TT(X & TY) "
(1) Fux TV L
1y ©TY IS (tx @TY) TTr (4) Tr
Ny (6) TTXeTY o
Prigxeyy © TEXIY) o TTT(X 2 Y)
. ( u
) as ) , Foxev)
M xoy J ZTxeY) | g, Tpxey
- , b )
’ . EXEV) g Y,
TZX & TY T(T2Xey)  TT(EZXey = Frrxey) g
T(ZX2Y) \
T, 8Ty ®) T (x@Y Mhixoy > /T‘
e ® 5o ©) . 10) .., PTP(X 0 y) THXeY
I(Tix ©Y) THx oY) Flvon) o T ey)
. wh . Y =——LIX3Y)
TTX @Y T T(ITX ®Y) TT(TX ®Y) . T(TX2Y) ‘ [
o x® - e {2
caTY ) 16) T
1x (14) [ (
TXoTY (15) TTT(X @ Y) m
Tux ) Foxor)
/‘ Tuxey

(asb) axb
T XaTY T(TX@Y)
T

Hxay

i

(1) tzx is central; (2) 7/ and ¢x are natural; (3) proposition [2| u property of
graded co-strength (take normal monad as special case of graded monad); (4) u
and 7 are natural; (5) T is a functor and 7, tx are natural; (6) T is a functor
and tx is central; (7) p and tx are natural; (8) 7 and tx are natural; (9) T is
a functor and 7/, tx are natural; (10) p and vx are natural; (11) p and 7’ are
natural; (12),(13) and (17) definition of monad; (14) p and 7 are natural; (15)
T is a functor and proposition [2| 4 property of graded co-strength; (16) u and
7/ are natural and rest are equalities.
Last, definition of the strength 7, y:

z

2 WX -
WeZX ~" - » Z(W @ X)
W ® LXJ JLW®X
W e TX v T(W® X)

By Definition[I0] the universal property of terminal graded central cone indicates
that, for any graded central cone at (z, X), there exists a unique morphism of
z

graded central cones to Z, hence we need to prove that all other arrows in this
definition form graded central cones.
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What’s left is that 7y, x o (W ® tx) forms a central cone, it is proved by the
following diagram:

| ’
Wew)eTy T T

WeZX) 0Ty WelX)ely ——— " IWeX)jely — " I(WgX) oY)
s ) a ) Ta!
wixiy ity 6) wx
) Wo(x s TY) wer i
(W®ux)®TY B(EXeTY) O We@Xely) " WeT(XelTy) — (W& (XaTv)
)
W (x @ TY) WeTr l G oW wmeJ
. Wik iy . ,
Welx)ely = We@XeTY) @ Well(Xey) " I(W @T(\ OR Tr
Wer W & uxey l ’ e
W & pixay Y X oY)
R 7 o i _ (11) 7 -
. ® WeTTXey) Y w TT(X Y) H/”/\X TT(W & (X 9 Y))
T © \
; ) l T ety tu/m\n TTajxy
Twex)eTy }grx::x)>4’r(nxrmm> w . II(Wex)eY)
@, [ b n (X@Y) 12)
(W e Tx) oY) “wixy Tr Hwax)ey
_werxey) | 1 a
T (13) TT(W & (X @Y)) "Twe( ‘(/) Wy
( 5 (14)
T(rw.x ®Y) TTaylyy T “31“
TIWeX)eY) TT(WeX)eY)
, Hvexey
Tr'
(1), (3) o, tx are natural; ( ) lemma [B} (4) tx is central; (5), (7) 7 is natural;
(6) T is a functor, o o' = id, deﬁmtlon on graded strength; (8), (10), (11)

definition of strength; (9) 7, 7 are natural; (12), (14) u and a~! are natural;
(13) T is a functor, lemma [5} and rest are equalities.

The rest of the proof is following the same strategy as that of centre Theorem
in [2].

The last three definitions are exactly those of a morphism of strong graded
monads (see Definition [7)).

Using the fact that ¢ is monic (see Lemmau7 the following commutative diagram
shows that nZ is natural:

n% i
X ZX
o -
oy = px ¥ sz
(2)
e oy o . Zy
y jl"y\ j{LY
@, .
Y ; ZY TY
Z Ly

(1), (4) definition of 7%; (2) ¢ is natural; (3) 7 is natural; and (5) equality. Thus,
we have proven that for any f: X — Y, 1y 0o Zf on% = 1y onZ o f. Besides, ¢
is monic, thus Zf on% = nZ o f which proves that 7 is natural. We will prove
all the remaining diagrams with the same reasoning.



On the Centre of Strong Graded Monads

The following commutative diagram shows that u? is natural.

Z,a,b
ab Mx
ZZX
(1)
x ’ Lo [
TT. TX
b
ab T (3) T 6
88 i P
(2 Toab
1 b My axb
Y TY
wy
(5) \
. b uxb axb
ZZY Zo ZY TY

27

(1) (5) definition of uZ; (2) (4) ¢ is natural; (3) ,u is natural and (6) equalities.
The commutative dlagrams showmg that 7' is natural are just as those

on normal monad by replacing Z as Z T as T and ¢ as family of morphisms

Z — T indexed by elements in G.
The following commutative diagrams show that 72 is natural.

=

=
a—|a

A 2C Z(A®C)

A®

N

ARTC

T(A®C) — J2<f®0>

f®ZC (2) JMTC (3) @) zBeo)

B&TC T(f@C) }B@C

/\

B@ZC—»Z ®C) ———— = T(B®()
o tBeC

(1) definition of 72, (2) ¢ is natural, (3) 7 is natural, (4) ¢ is natural and (5)

definition of 7%

Tf.B
A®ZB ) Z(A® B)
A®e T(l
\ ST i} T4eB) / JZ(A®f)
_ 4)
AR Zf (2) JA@“f (3) ( Z(A®C)
AeTC (A f) %@C
A® (5) A0
AQZ0 — 5 Z(ARC) ————— L T(ARC)
Thc tagc

(1) definition of 72, (2) ¢ is natural, (3) 7 is natural, (4) ¢ is natural and (5)

definition of 72
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z

The following commutative diagrams prove that Z is a graded monad (Z - I is

omitted because it is very similar to I - Z)

1z

I - »1n“v
nT
(2)
ia (6)
(3)
L
L
z 'z T
L
b ab WZ i
Z(22) (22)Z ZZ
b
Nza wz | ) /
X ab nz b
T(52) @ @nz ——— Tz
a ab q
\T(u) (IT): l (©) /
) b T ¥4
% ) axb 4
T(TT) (TT)T TT
a #1
zpz| (&) (5) J T (6) n (7)
7”"#2
abx ax(bxc) (axb)
TT m T
/ (axb)
) ”7’“1,
Tz (®) .
/
L2
a bx (bxc) (axb) (axb)
ZZ > .

Top : (1) n* and ¢ are natural; (2) definition of nZ, (3) (5) (7) (8) equality; (4)
definition of 1 and (6) definition of u?.

Down : (1) equality; (2) definition of u?, Z is a functor; (3) p and ¢ are functors;
(4) p% and ¢ are functors; (5) (7) (8) definition of uZ, T is a functor and (6)
definition of graded monad.

Last Part:

Z is proven strong with very similar diagrams.
The following commutative diagram proves that Z is a commutative graded
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monad:
v . s Zr o
Z(X®Z2Y) ZZ(X®Y)
(1) L (2) /
Ixely — ZXaly) — ZI(X®Y) Moy
rd z
TN ’ 3
(5) .
‘ ! (6) . Z(X®Y)
TX® Ty ™
LX®Y

Z7!
ba L ba
ZT(X®Y) — " TT(X®Y) Jixoy
/ 12)
(bxa) bra
- T(X®Y)

ba bxa
ZZ(X®Y Z(XeY T (X®Y
e G Xen LXey (Xey)

(1) 72 is natural; (2) definition of 7%; (3) 72 is natural; (4) C is monoidal; (5)
definition of 7/%; (6) ¢ is natural; (7), (12) definition of ;; (8) definition of 72;

(9) ¢ is central; (10) definition of 7/Z; (11) ¢ is natural.
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